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1. For a directed graph (H, γ), where H is the set of vertices, and γ is a
mapping from H onto itself (1), algorithms are known for constructing the tran-
sitive closure Γ, with the number of operations for a generic graph being O(n3)
(2−4), where n = |H|. In (4), the problem of constructing the transitive closure
of a generic graph reduces to a sequence of three problems: the construction of
the Herz graph1 (5) for the given graph, the transitive closure of the (acyclic)
Herz graph, and the construction of the transitive closure of the given graph
based on the transitive closure of its Herz graph; meanwhile, it has been shown
that the first and third of these can be solved in O(n2) operations.

In this article an algorithm is constructed for the transitive closure of an
acyclic graph in O(n3/ lnn) operations.

2. For the acyclic graph (H, γ), let us consider partitioning H into ranks Ki:

K0 = {h ∈ H : γ−1h = ∅}, Ki = {h ∈ H \ Si−1 : γ−1h ⊂ Si−1},

where Si =
⋃
j≤i

Kj .

In (4) an algorithm is presented for such a partition in O(n2) operations.
Let us denote by γi and Γi the mappings from Si−1 onto Ki generated by γ

and Γ, respectively, and by Gi =
⋃

Γj the mapping from Si−1 onto Si. Then,
clearly:

G0 = ∅, Γi = γiGi−1

⋃
γi. (1)

In this way the construction of the transitive closure is reduced to the tri-
angular process of obtaining products of mappings.
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3. Lemma (M. Kronrod). Let A, B, C be sets, |A| = p, |B| = q, |C| = r,
and α, β be multi-valued mappings α : A → B, β : B → C.

Then the mapping βα : A → C can be constructed in O((p + q)qr/ ln q)
operations.

Proof. Let us partition B into [q/ ln q] + 1 nonintersecting subsets Bi, so
that |Bi| ≤ ln q. Let us denote αi : A → Bi, βi : Bi → C, generated by α and
β respectively. Then, clearly:

βα =
⋃
i

βiαi. (2)

Let us consider the set Mi = {mis} of all subsets of Bi and the set Li = {lis}
isomorphic to it, where lis =

⋃
b∈mis

βib. Having enumerated the elements of

Bi: bi0, bi1, etc., let us order the elements of Mi and Li in the following way:
s =

∑
k

2jk ↔ mis =
⋃
k

bijk . It is clear that li0 = ∅, li2j = βibij , and any other lis

can be obtained by the union of two others with smaller indices. For example:
lis = lik

⋃
li,s−k; s ̸= 2j , wherek = max{2j : 2k < s}. Since |Li| ≤ q, and

|lis| ≤ r, then Li can be constructed in O(qr), and all the Li — in O(q2r/ ln q)
operations.

Furthermore, from the completeness of Mi it follows that for a ∈ A, αia ∈
Mi and, consequently, βiαia ∈ Li. In this way, after all the Li have been
constructed, obtaining βα according to (2) takes O(pqr/ ln q) operations.

4. Theorem. For the acyclic directed graph (H, γ) with |H| = n the transi-
tive closure Γ can be constructed in O(n3/ lnn) operations.

Proof. Let us apply the algorithm of the lemma to the construction of
γiGi−1 in (1). Since γi acts from Si−1 with |Si−1| < n in Ki with |Ki| = ni,
and Gi−1 acts from Si−2 with |Si−2| < n in Si−1, the construction of γiGi−1

can be done in O(n2ni/ lnn) operations. Summing over the ranks, we obtain
the desired bound.
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4. I. A. Faradžev, Journal of computational mathematics and mathematical
physics, 10, №4 (1970).

5. A. A. Zykov, Finite graph theory, Novosibirsk, 1969.

2

http://ikfia.ysn.ru/wp-content/uploads/2018/01/Berzh1962ru.pdf

