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1. For a directed graph (H,~), where H is the set of vertices, and 7 is a
mapping from H onto itself (1), algorithms are known for constructing the tran-
sitive closure I', with the number of operations for a generic graph being O(n?)
(2%, where n = |H|. In (*), the problem of constructing the transitive closure
of a generic graph reduces to a sequence of three problems: the construction of
the Herz graphﬂ (%) for the given graph, the transitive closure of the (acyclic)
Herz graph, and the construction of the transitive closure of the given graph
based on the transitive closure of its Herz graph; meanwhile, it has been shown
that the first and third of these can be solved in O(n?) operations.

In this article an algorithm is constructed for the transitive closure of an
acyclic graph in O(n?/Inn) operations.

2. For the acyclic graph (H, ), let us consider partitioning H into ranks K;:

KOZ{hEHZ’)/ithQ}, Ki:{hEH\Si_l I’yithSi_l},

where S; = |J Kj.
Jj<i
In (%) an algorithm is presented for such a partition in O(n?) operations.
Let us denote by ; and I'; the mappings from S;_; onto K; generated by ~y
and T, respectively, and by G; = |JT'; the mapping from S;_; onto S;. Then,
clearly:

Go=2, Ti=7Gi1|Jw (1)

In this way the construction of the transitive closure is reduced to the tri-
angular process of obtaining products of mappings.
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LIGraph of Herz, the condensation graph obtained by collapsing all strongly-connected
components
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3. Lemma (M. Kronrod). Let A, B, C be sets, |A| =p, |B| =gq, |C| =,
and «, B be multi-valued mappings a: A —- B, 3: B — C.

Then the mapping Ba : A — C can be constructed in O((p + q)qr/Ingq)
operations.

Proof. Let us partition B into [¢/1lng] + 1 nonintersecting subsets B;, so
that |B;| < Ing. Let us denote «; : A — By, p; : B; — C, generated by « and
B respectively. Then, clearly:

50[ = U ,BZ‘O@L'. (2)

Let us consider the set M; = {m;s} of all subsets of B; and the set L; = {l;5}

isomorphic to it, where l;; = |J fB;b. Having enumerated the elements of
bEms

B;: by, b1, etc., let us order the elements of M; and L; in the following way:
s = Z 20k ¢ mis U bij, . It is clear that ;o = @, l;,; = 5,;bi;, and any other [;,

can be obtained by the union of two others with smaller indices. For example:
lis = lixUlis—k; s # 27, wherek = max{27 : 28 < s}. Since |L;| < ¢, and
|lis] <r, then L; can be constructed in O(gr), and all the L; — in O(¢*r/Inq)
operations.

Furthermore, from the completeness of M; it follows that for a € A, a;a €
M; and, consequently, B;a;a € L;. In this way, after all the L; have been
constructed, obtaining Sa according to takes O(pqr/1nq) operations.

4. Theorem. For the acyclic directed graph (H,~) with |H| = n the transi-
tive closure T' can be constructed in O(n®/Inn) operations.

Proof. Let us apply the algorithm of the lemma to the construction of
~v:Gi_1 in . Since ~v; acts from S;_; with |S;_1| < n in K; with |K;| = n;,
and G;_; acts from S;_5 with |S;_2| < m in S;_1, the construction of v;G;_1
can be done in O(n?n;/Inn) operations. Summing over the ranks, we obtain
the desired bound.
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